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AN A V E R A G I N G  RESULT FOR /1-SEQUENCES 
A N D  APPLICATIONS TO WEAKLY 

CONDITIONALLY COMPACT SETS IN 

BY 

J.  B O U R G A I N '  

ABSTRACT 

We establish a theorem on U-sequences obtained by averaging of semi-norms. 
The result is applied in the study of weakly conditionally compact subsets of L 1, 
where X is a Banach space. 

1. An averaging result 

We will denote by (r~). the sequence of Rademacher  functions on [0, 1]. In the 

first 2 propositions, X, tl II will be a semi-normed space. 

PROPOSITION 1. I f  x l ,  " " ", x, is a finite set ojf elements o[ X and al, " ", a, reals, 
then 

f l ~  aJk( t~176 1 ~  rk(tO)Xk dto 

This result is well known (see [14]) and easily seen. We omit the proof. 

PROPOSITION 2. Let (x,). be a bounded sequence in X and 6 > 0 such that 
f II Zkakr~ (to)xk IIdto >= 8 for all finite sets a l , . . . ,  a. of positive reals with Ekak = 1. 
Then (x.). has an ll-subsequence. 

PROOF. Assume (x,) ,  bounded by M > 0 and without/ l -sequence.  Then, by 

Rosenthal 's result [12], (x,) .  has a weak Cauchy subsequence. For convenience, 

we suppos6 (x,) ,  itself w* convergent. Denote  by K the dual ball of X, which is 

of course compact in the w*-topology. We introduce the bounded sequence (~p)~ 
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in C(K),  taking ~e(x*) p.a , _ = E.=e. , l (x.  x e + a , x * ) l f o r x * E K ,  w h e r e d > 6 - 2 M 2 i s  

a fixed integer. Clearly limp_~ ~p = 0 pointwise and hence weakly. Consider the 

subsequence (q,q)o of (~p)p with q,, = ~,.a. Since the closure of the convex hull 

c(4,~;q) contains the 0-function, there exists a convex combination Eq~.,~, 

uniformly bounded by 6. Hence 

~ ~ ( x . - X ~ q + ~ ) r . ( ~ o )  <-iS fo reach~oE[O,  1]. 
n=qd+l 

By integration, we get 

< 8 +  

(q+l)d-I I ,~qr.(o~)x. d,,, 
n=qd+l 

f l l~ Aq ('[[~-q~aT, ' r"(t~176 

~ 6 + M ~ / d - 1 ,  

which is a contradiction. 

Consider the space E of all finite real sequences and denote by e, the / -uni t  

vector. For x E E, let II x II, = E,I x, I. 
Assume a compact Radon probability space (M,/z) given and for each t E M a 

semi-norm [ I, on E. 

PROPOSITXON 3. Let n E N be fixed and assume ] x I, continuous functions of t 

for each x E [ e , . . . , e . ] .  Then for all e > 0  there exists a finite set (~j);~, of 

continuous functions on M, satisfying 

(1) The ~i are positive and bounded by 1, 

(2) The supports supp ~,~ are mutually disjoint. 

(3) ~ ( U , ~ , [ ~ ,  = 1 ] ) >  1 - ~. 

(4) For all x E [e , , . . . ,  e. ], we have J J x Is - Ix I, I <= ell x II, provided s, t are in 

the support of a same ~;. 

PROOV. We show that each point s • M has a neighborhood V so that 

I I x [, - I x  I, I --< ell x II, for t E V and x G [ e , - . . ,  e.]. At this point, the proof of 
the proposition is straightforward and the details are left for the reader. 

Clearly the functions l e, I, of t (1-<i < n) are bounded by some b >0 .  

Consider  a finite e/3b-net  ~ in the unit-ball of [e , , . - . ,  e.] for the II II~-norm. It 

is possible to take V such that I ly I~- l y l, I <= e/3 if y E g' and t @ V. Now let 

x ~ [ e , , . . . ,  e,] with IIx II,--< 1 and take y E ~' so that ]Ix - y II, < e/3b. For t ~ V, 
we get 
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I lx l , - Ix l , l<-_lx  - y I, + I x -  y ], + l l y  I , - l y  1,1 

8 
< E  / x , - y ,  ]]e, l, + ~-'. [ x , - y ,  [ le, [, + ]  

i i 

E --<2bllx-Yll,+] 

Thus the required property is satisfied. 

THEOREM 4. Assume supu I e, I, < ~ and Ix I, a measurable function of t for 
all x @ E. Clearly Ix I = f i x  ],.t.~(dt) defines a semi-norm on E. 

Suppose that (e,); is an ILsequence for I I. Then there exist t E M and a 
subsequence of (e,), which is an l'-sequence for I I,. 

We will first prove the theorem assuming the Ix I, continuous functions of t. 
For convenience, suppose l e~ I, bounded by 1. Proposition 3 yields us for each 
i E N a finite set (r of continuous functions on M, satisfying 

(1) The ~0q are positive and bounded by 1. 
For each i E N  
(2) The supports supp q~0 are mutually disjoint. 
(3) /x(M~)> 1 - 2 - '  where M , =  Ui~,, [~q = 1]. 
(4) l l x l , - I x l ,  l<--2-'llxll, if x E [ e , , . . . , e , ]  and s,t are in the support of a 

same q~,;. 
Let us now introduce the real vector space ~ spanned by the unit vectors 

(e,;),~N.;~,,. If we take 

Ill ~, '  ;~  a,,10[J/= s~p f  I Z '  E,  a,;~,;(t)r,(w)e,l,do), 

then III III is a semi-norm on ~. Remark that Ill e, l l l -  -< 1. Defining F,( t )= 
Ej~,~oq(t)eq, we obtain a bounded by I sequence (F~), of continuous ~-valued 
functions on M. 

LEMMA 5. Let i,, E N, ( a,), a sequence of reals which are 0 except for finitely 
many i >= i. and s E M. Then 

( ~ n ~ , ~ , , , , , ~ ) . f  I~a,r,(oa)e,I.Jr ~ a,F~(s)[I I 
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PROOF. If we take tk,(s,t) = EjE,,~,;(s)q~q(t), then we find that 

IIIZa,F,( s' I=supf IZ, I dw, 
'by definition of Ill Ill. The first inequality is obtained by taking t =  s, using 

Proposition 1. To obtain the second inequality, let us fix t E M. If i~ = max/ i  _-> 

i,,; ~b, (s, t) J 0}, then s, t E supp ~,.j for some j E I,,. Therefore,  by construction of 

the ~q, it follows that 

I J I O~(s, t)a~r,(w)e, --< ~ 4J,(s, t)a,r~(oJ)e~ 
t i = il~ s 

i I 

+2 " Z  ~,,(s,t)[a,J foreach ,.o~[0,1]. 
i = il~ 

Since ~,(s, t ) -  < 1, integration yields us 

f l~; / O,(s,t)a,r,(to)e, I , dw<=fl~a,r , (w)e ,  [ ~ dto+ 2-',' ~ [ a, 1 ,  

again by Proposition 1. This completes the proof. 

LEMMA 6. There is some t E M such that (F~(t)), is not a weakly 0 sequence in 
9g. 

PROOF. Assume lim;F~(t) = 0 weakly in ~ for each t E M. Denote  by K the 

dual ball of ~ equipped with the w*-topology. For each i EN ,  consider the 

function G, on the compact space M x K, given by G,(t,x*)= (F~(t),x*). It is 

easily seen that G, is continuous and bounded by 1. Since (G~)~ is pointwise 

converging to 0, lim, G, = 0 weakly in C (M x K). 

Choose t > 0 arbitrarily small and i,,E N with 2 -`''+2 < t. There is a convex 

combination E,.~,~,G~ which is uniformly bounded by ~/2. Hence 

]]]E,-~,A,F,(t)H]- < t/2 for all t E M. Take N = ("),~,,,M, and remark that p.(N) = > 

1 - Y.~,2 -~ > 1 - t/2. We now use Lemma 5 and obtain 

[ ' ,~r~(o))e~ dw <=~ if t E N. 
' t 

Hence, by the Fubini theorem, 

f ( f  I~;A;r'(~176 - 2  = 

Taking L > 0 sufficiently small, we get a contradiction on the hypothesis that (e~)~ 

is an / '-sequence for I ]. 
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Proof of the theorem in the continuous case 

By Lemma 6, there is some t E M such that (F~(t))i does not converge weakly 

to 0 in ,~. Hence there exist 8 > 0  and a subsequence (F~(t))k so that 

dispH jlt(c(F~k(t), k), 0) _--- 8. 
Take ko with 2 -~o§ < 8. 

If (ak)~ is a sequence of positive reals which are 0 except for finitely many 

k ->_ k0 and Ekak = 1, then we deduce from Lemma 5 

and thus flEkakr~(w)e,~ [,do, ---- 8/2. It follows from Proposition 2 that (e,~)~,ko 

has an ll-subsequence for I I,. 

Proof of the theorem in the general case 

Suppose 8 > 0 such that Ix [ => 811 x II1 for x U E. Consider a sequence ~' in E 

which is dense for ]l II1. By Lusin's theorem, there exists a compact subset M'  of 

M so that/z (M') > 1 - 8/2 and the mappings I Y l, on M'  are continuous for each 

y E ~. It is routine to verify that also Ix I, is continuous on M'  for each x ~ E. 

Define the semi-norm I I' on E by Ix ]' = f~,]x ],l~ (dt). Since for x ~ E, we have 

[xl'>=lxl-f  Ixl, (dt)>=8[Ixll,-tz(M\M')llxl[,>=�89 
\M' 

we reduced the problem to the continuous case. 

2. Weakly conditionally compact subsets of L 

We say that a subset A of a Banach space Y is weakly conditionally compact 

provided every sequence in A has a weak Cauchy subsequence. 

We can then reformulate Rosenthal's result [12] by saying that if A is 

bounded then either A is weakly conditionally compact or A contains an 

/'-sequence. 

In this section, (M, # )  will be a fixed compact Radon probability space and X 

a fixed Banach space. If 1 _-< p < ~, then L~ = L~(M, tz) will denote the space of 

p-integrable X-valued function classes on (M,/z) (cf. [6]). 

A set A of L~  is said to be equi-integrable provided {IIflI;f~A} is 

equi-integrable. The following property is well known [5]. 

PROPOSITION 7. Every weakly conditionally compact subset of L~x is equi- 
integrable. 
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The next result was shown by B. Maurey and G. Pisier (see [11]) and also 

independently by the author. It will be obtained here as a corollary of the 

stronger result established in the preceding section. 

TREOREM 8. Let (f,),  be an equi-integrable sequence in L ~x and assume 
(f, (t)), without ILsequence for almost all t E M. Then {f, ; n } is weakly condition- 
ally compact in L~x. 

PROOF. Assume (f,),  a uniformly bounded sequence of X-valued /z- 

measurable functions on M and 8 > 0, such that 

fll 'a.f.(t)ll (dt) =8 'la.I 
for every finitely supported sequence (a , ) ,  of scalars. The only thing to prove is 

that then (f.(t)),  has an U-sequence for some t ~ M. 

Let E be as in the first section and introduce the semi-norm I I, on E by 

I x I, -- II Y~,x,f. (t)II for x E E. The conditions of Theorem 4 are satisfied and we 

get the required conclusion. 

Combining Proposition 7 and Theorem 8, we get 

COROLLARY 9. Let X be a Banach space which does not contain 
l ~ (isomorphically). Then a subset A of L J~ is weakly conditionally compact if and 
only if it is equi-integrable. 

We have the following stability result: 

PROPOSITION 10. Let A be a weakly conditionally compact subset of L ~x and B 
I 

bounded subset of L ~. Then the set A . B = ~ [. ~ ; f E A, ~ E B} is also a weakly 
conditionally compact in L ~x. 

I .  

PROOF. We may assume B the unit ball of L~. Suppose the statement untrue, 

then there would be a sequence (f,).  in A and a sequence (q~.), in B such that 

(]',. q~.), is an ILbasis, i.e., for some ~ > 0 

1{ ~ '  a'f"" ~" l[ 1 --> ~ ~'~' I a" ' 

for all finitely supported sequences (a , ) .  of scalars. Hence, by Proposition 1, also 

~-Z' a.r.(o))f, do)>= J ' f  ~ '  a.r.(o))f,(t)~.o.(t)l do)tz(dt) 

>= 8 ~ ' l a . I .  
n 
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We apply Proposition 2 to obtain an U-subsequence of (f,),. But this 

contradicts the hypothesis on A. 
We now present another proof of a result of G. Pisier [11]. 

THEOREM 11. If 1 < p < oo, then l ~ imbeds in L ~x if and only i l l  ~ imbeds in X. 

PROOV. Fix 1 < p  <oo and remark that L~ is a uniformly convex Banach 

space. Let 0 < e < �88 be choosen and take 0 < ~ < 1 such that if II lie -- II lie = 1 

and II - > ~ then II + < 2(1 - f o r  all ~0, ~ in L~. If l ~ imbeds in L~, 
then there is a sequence ff~), in the unit sphere of L~, satisfying 

I ~ ' a . f ,  => ( 1 -  6 ) ~ '  la ,  I 
n p n 

for all finitely supported sequences (a . ) ,  of reals (using the James regularization 

property [7]). 

For each f,, there is some g, in Lx  and ~0, in L~ so that fig. = 1, = Ill, II 

and f. = g..q~.. If m ~ n ,  we get ll~,. + q~. ]]e_-> Ill,. + f .  lip-> 2 ( I -  6) and there- 

fore 11 q~,- - q~- lie --< e. Consider a function q~ in L~ with II q~ - g'l II. < e and 

remark that I l f . -  g.. q~ [[.----[[q~-- ~o,1[. + I[q~,-q~ lie <2e .  Hence, we see that 

n p 

if (a . ) ,  is a sequence of reals with E. [a,  I = 1. Therefore (g,).  is an/ l -sequence 

in L~ and 11 imbeds in X by Corollary 9. 

It is a natural problem to characterize weakly conditionally compact subsets of 

L~. We already solved the problem if X has no II-subspace (Corollary 9). 

PROPOSITION 12. For a subset A of L ~x, the following properties are equivalent: 

(1) For every e > 0 there exists a weakly conditionally compact subset W of X 

such that for each function f E A there is a measurable subset Mr of M satisfying 

(i) fM~Ilf(t) l l~(dt)< e, 

(ii) f (M\M~) c w.  

(2) The same as (1) but with W replaced by W +  B(O, e) in (ii). 

PROOF. Suppose that A satisfied (2) and fix e >0 .  Consider for each n a 

subset W, of X associated with the positive number e, = e.2-". It is easily 

checked that W = ["),(W, + B(0, e,)) is still weakly conditionally compact. For 

fixed f in A let for each n the set M~ be such that f ~  Ilf(t)ll/~ (dt) < e, and 

f ( M \ M T ) C W .  + B(0, e,). Take Mr = I.-J.MT, for which (i) and (ii) of (1) are 

clearly true. 
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We agree to say that a set A in L~ has property (U) provided it fulfils 

condition (1) of Proposition 12. 

PROPOSmON 13. If  the subset A of L ~x verifies (U), then 
(1) A is weakly conditionally compact. 

(2) Given for each f E A an automorphism 0 t of the measure space (K, i~ ), then 
also the set {f o Ot ; f ~ A } has property (U). 

PROOF. (1) If A is not weakly conditionally compact, there is a sequence 

(f,).  of functions in A and e > 0 such that if (g.),  is a sequence in L~ with 

[If, - g. [[1 < e then also (g,).  is not weakly conditionally compact. Take W and 

for all f E A  a subset MI of M satisfying (1) of Proposition 12. Then the 

sequence (g,),  in L~ with g. = f , .  h',~\~. (M. = Mr.) is not weakly conditionally 

compact. Since A is certainly equi-integrable, (g.). is equi-integrable. We apply 

Theorem 8 and get some t E M for which (g.(t)), has an lLsubsequence. But 

{g.(t); n} C{0} U W, contradicting the hypothesis on W. 

(2) Follows readily from the definition of property (U). 

THEOREM 14. For subsets A of L~x, property (U) is equivalent to weakly 
conditionally compactness in the following cases: 

(1) X is a Banach space without lLsubspace. 

(2) X is an L I(N, v)-space, where (N, v) is a positive g-finite measure space. 

PROOF. (1) IS equivalent to Corollary 9. 

(2) If X = L~(N, v), the space L~ can be identified with the space L ' ( M x  
N) = L ' ( M  x N,/~ | u}, by the Fubini theorem. For f E L~, t will denote some 

member of the corresponding function class in L ' ( M  x N). The function f will 

moreover be assumed measurable for the product g-algebra. 
If A is a weakly conditionally compact subset of L~, then A is relatively 

weakly compact viewed as a set in L ' (M • N), which is weakly sequentially 

complete. 

Fix now e >0 .  Let 0 <  6 < e/2 be such that f~,[If(t)[[~tz(dt)< e for all f E A  
whenever /x(M')<,5.  By a well known result (cf. [6], III), there exist some 

measurable subset N'  of N and some a > 0 satisfying v(NIN') < oo and for each 

l E A  IP, ,52 
Jr(t, u)l # (dt) @ v (du) < -~-, where 

Pr = { ( t , u ) e  M x N;  I f ( t , u ) J >  a}, 

f.xN, If(t, u)lu(dt)| 
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The subset W = {~o E L ~(N, v); II,p ~ a and ~0 = 0 on N'} of L I(N~ 1)) is 

relatively weakly compact. Fix now some f ~ A. Take 

M't= {t E M; ~p~,) If(t,u)lv(du)> 8}, 

M~= {tEM; S~, If(t' u)l ~,(du)> 8} 

and 

Mf = M't U M"t. 
The reader will verify that /z(M~)< 8/2, tz(M'~)< 8/2 and hence /z (Mr)< 8. 

Therefore fM~ ]l f(t)II, t~ (d t )  < ~. 

For t ~ M\Mf, consider the function g on N, which is 0 on Pf(t) U N'  and f, 

elsewhere. Then the g-function class belongs to W. Furthermore 

f ]~(u)-g(u)[v(du)<=fe,~,, [f(t'u)lv(du)+SN, ]f(t,u)lv(du)<=28<e. 

By Proposition 12, A satisfies (U). 

In general, it is untrue that weakly conditionally compactness implies (U). We 

will illustrate this with an example. Let K be the Cantor set {0,1}" and/z  the 

Haar measure. For each n, consider the measure automorphism 0, of K 

obtained by permutation of the n-coordinate. (02, is the identity). Take %~ = 

U ,  {0, 1}", consisting of the finite complexes. For e, e' E ~, we write e < e', 

provided e'  starts with e. This yields us a partial order on % We say that 

e, e '  ~ qr are comparable if either e < e'  or e '  < e and otherwise they are called 

incomparable. If v E K, then v I n E cs will consist of the first n elements of v. 

Remark that the members of the set {0,(v) ] n; n} are mutually incomparable for 

all v E K. X will be the Banach space obtained by completion of the linear space 

spanned by unit vectors ( e , ) , ~  under the norm 

E l , ' " , e  n k ~ |  ~ ' 

where the supremum is taken over all finite sets el, �9 �9 e. of mutually incompar- 

able members of % 

It is clear that if v E K, then (e~t~). is isometrically equivalent with the 12-basis. 

It follows from the preceding remark that (eo.(~)t,). is isometrically equivalent 

with the ILbasis. We introduce the sequence (f.),  in L~, by taking [ , ( v ) =  e~j, 

for each v E K. The following facts are straightforward: 
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(1) (it.), is an /2-basis in L~:. 
(2) (f, o 0,),  is an /Z-basis in L~. 

By (1), the set {/,; n} is relatively weakly compact and hence certainly weakly 
conditionally compact in L~. But {/,; n} fails property (U), by (2) and Proposi- 
tion 13. 

We end with the following two interesting problems, which seem to be 
unsolved so far: 

(1) Is it true that LJ~ is weakly sequentially complete if X is weakly 
sequentially complete? 

(2) The same question for the Dunford-Pettis property. 

REFERENCES 

1. J. Bourgain, On convergent sequences of continuous functions, to appear. 
2. J. Bourgain, An averaging result for Co-sequences, to appear in Bull. Soc. Math. Belg. 
3. J. Bourgain and F. Delbean, Quotient maps onto C(K) spaces, to appear in Bull. Soc. Math. 

Belg. 
4. J. Bourgain, D. H. Fremlin and M. Talagrand, Pointwise compact sets of Baire measurable 

functions, to appear in Amer. J. Math. 
5. J. Diestel and J. J. Uhl, The Theory of Vector Measures, Amer. Math. Soc. Surveys, No. 15, 

1977. 
6. N. Dunford and J. Schwartz, Linear Operators, Vol 1, Intersclence, New York, 1958. 
7. R. C. James, Uniformly non-square Banach spaces, Ann. of Math. 80 (1964), 542-550. 
8. R. C. James, A separable somewhat reflexive Banach space with non-separable dual, Bull. 

Amer. Math. Soc. 80 (1974), 738-743. 
9. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I, Springer Verlag, 

Berlin-Heidelberg-New York, 1977, p. 92. 
10. E. Odell and H. Rosenthal, A double-dual characterization of separable Banach spaces 

containing U, Israel J. Math. 20 (1975), 375-384. 
11. G. Pisier, Une propri~t~ de stabilitd de la classe des espaces ne contenant pas I z, C. R. Acad. 

Sci. Paris A 286, 747-749. 
12. H. Rosenthal, A characterization of Banach spaces containing U, Proc. Nat. Acad. Sci. 

U.S.A. 71 (1974), 2411-2413. 
13. H. Rosenthal, Pointwise compact subsets of the first Baire class, Amer. J. Math. 99 (1977), 

362-378. 
14. Seminaire Maurey-Schwartz 1972-1973, Espaces L p et applications radonifiantes, Ecole 

Polytechnique, Paris (exp 7). 

DEPARTMENT OF MATHEMATICS 
VRIJE UNIVERSITEIT 

PLEINLAAN 2, F7 
1050 BRUSSELS, BELGIUM 


