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AN AVERAGING RESULT FOR ['-SEQUENCES
AND APPLICATIONS TO WEAKLY
CONDITIONALLY COMPACT SETS IN L x

BY

J. BOURGAIN'

ABSTRACT
We establish a theorem on !'-sequences obtained by averaging of semi-norms.

The result is applied in the study of weakly conditionally compact subsets of L },
where X is a Banach space.

1. An averaging result

We will denote by (r..). the sequence of Rademacher functions on [0, 1]. In the

first 2 propositions, X,| | will be a semi-normed space.
ProrosiTioN 1. Ifx,,-- -, x, is a finite set of elements of X and a, - - -, a. reals,
then

dw

f “2‘ ari (@) xi

do = max (| a, l;k).j ”2 re(w)x;

This result is well known (see [14]) and easily seen. We omit the proof.

ProposiTiON 2. Let (x.). be a bounded sequence in X and & >0 such that
[ Zacn (0)xi ||dw = 8 for all finite sets ay, - - -, a. of positive reals with Z,a, = 1.
Then (x.), has an l'-subsequence.

ProoF. Assume (x.), bounded by M >0 and without !'-sequence. Then, by
Rosenthal’s result [12], (x.). has a weak Cauchy subsequence. For convenience,
we supposé (x.). itself w* convergent. Denote by K the dual ball of X, which is
of course compact in the w*-topology. We introduce the bounded sequence (¢,),
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in C(K), taking ¢,(x*) = 26297 |(x, — X,.4 x *)| for x* € K, where d > 8 *M?is
a fixed integer. Clearly lim,_.. ¢, = 0 pointwise and hence weakly. Consider the
subsequence (¢,), of (¢,), with ¢, = @,4. Since the closure of the convex hull
c(¢,; q) contains the 0O-function, there exists a convex combination Z A,
uniformly bounded by 8. Hence

(g+1)d—1
> > Aq(x"—x(q+1)d)r,.(w)'l§8 for each w € [0, 1].
q n=gd+1

By integration, we get
(g+)d—1

E 2 A (@)X,

q n=qd+l

=8 +f ”}q) A, <(q+§_l rn(w))x(.,u,.,

n=gqd+1

8(d—1)§] dw

dw

=5+MVd-1,

which is a contradiction.

Consider the space E of all finite real sequences and denote by e; the i-unit
vector. For x EE, let ||x |, = | x: |.

Assume a compact Radon probability space (M, ) given and foreacht € M a
semi-norm | |, on E.

ProrosiTioN 3. Let n €N be fixed and assume | x |, continuous functions of ¢
for each x € [e,, -, e.]. Then for all € >0 there exists a finite set (¢;);e; of
continuous functions on M, satisfying

(1) The ¢; are positive and bounded by 1,

(2) The supports supp ¢; are mutually disjoint.

G w(Ucle =1))>1-=-

(4) For all x € e\, -, e.], we have || x|, ~|x | | el x|, provided s, t are in
the support of a same o;.

Proor. We show that each point s € M has a neighborhood V so that
[lx|s=]x| |=¢|x|i for t €V and x € [e,, - -, e.]. At this point, the proof of
the proposition is straightforward and the details are left for the reader.

Clearly the functions |e |, of ¢ (1=i=n) are bounded by some b >0.

Consider a finite £ /3b-net € in the unit-ball of [e,, - - -, e,] for the || |[-norm. It
is possible to take V such that ||y |, =]y |=e/3if y €& and 1 € V. Now let
x €[e), - e ] with||x|,=1andtakey € €sothat|x —ylli<e/3b.Forte V,

we get
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Hxl—lxlI=slx-ylL+lx=-yl+[lyl=1Iyl

£
= x-yllel+ 2 [x-yllel+3

éZbe—yII.+§

<eE&.
Thus the required property is satisfied.

THEOREM 4. Assume sup;, | e |, < and | x|, a measurable function of t for
all x €E. Clearly |x|= [|x|,.n(dt) defines a semi-norm on E.

Suppose that (e): is an l'-sequence for | |. Then there exist t EM and a
subsequence of (e:); which is an l'-sequence for | |.

We will first prove the theorem assuming the | x |, continuous functions of .
For convenience, suppose | e |, bounded by 1. Proposition 3 yields us for each
i EN a finite set (¢;);e;, of continuous functions on M, satisfying

(1) The ¢; are positive and bounded by 1.

For each i €N

(2) The supports supp ¢; are mutually disjoint.

(3) p(M)>1-2" where M, = U, [¢, = 1].

@ lxls=|x| /=27 x| if x €[ei, -, e] and s,t are in the support of a
same ;.

Let us now introduce the real vector space & spanned by the unit vectors
(e.‘,')iEN,jeli. If we take

3500

then ||| ||| is a semi-norm on #. Remark that |||e; ||| = 1. Defining F.(1)=
Sie1ei(t)e,, we obtain a bounded by 1 sequence (F,); of continuous &-valued

| =s0p |2 S awstonore do

functions on M.

LeEMMA 5. Let iyEN, (a;); a sequence of reals which are (} except for finitely
many i Z iy and s € M. Then

(inf > <p,-,-(s)2) f ’2 ari(w)e;

iziy =i

o z|[2 are

éf ’2 airrw)e

do +27% Z |a|.
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Proor. If we take (s, t) = 2je;, 0 (s) ¢;(t), then we find that

H'Za.—ﬁ(s)

by definition of ||| |[||. The first inequality is obtained by taking t = s, using

= su,pf \ z (s, Dar(w)e ldw,

Proposition 1. To obtain the second inequality, let us fix t € M. If i, = max{i =
io; Yi(s, 1) # 0}, then s, t € supp ¢.; for some j € I,. Therefore, by construction of
the ¢, it follows that

= EI Ui (s, ar (w)e

] i=1iy

' Z di(s, Hairi(w)e;

5

+24S wi(s.0) | for cach w €[0,1].

Since ¢ (s, t) = 1, integration yields us

,dwéf ’ Z ar{w)e xdw+2_"'2i la; |

J' ,Z (s, ar (w)e;

again by Proposition 1. This completes the proof.

LEMMA 6. There is some t € M such that (F,(t)): is not a weakly 0 sequence in
Z.

ProoF. Assume lim,; F;(t) = 0 weakly in & for each ¢t € M. Denote by K the
dual ball of & equipped with the w*-topology. For each i €N, consider the
function G, on the compact space M X K, given by G.(t, x*)=(F(t),x*). It is
easily seen that G, is continuous and bounded by 1. Since (G;); is pointwise
converging to 0, lim; G; = 0 weakly in C(M x K).

Choose « >0 arbitrarily small and i, €N with 27%">< . There is a convex
combination X;-,A;G; which is uniformly bounded by /2. Hence
IS AF: (O]l = /2 for all t € M. Take N = ., M; and remark that u(N)=
1-3:,27>1-1/2. We now use Lemma 5 and obtain

J

Hence, by the Fubini theorem,

J ’2 Arw)e | dw zj U Jz Airi(w)e

Taking « > 0 sufficiently small, we get a contradiction on the hypothesis that (e;);

2 An(w)e if t € N.

ldw é%

dw) d:§%+ w(MIN)= ..

is an ['-sequence for | |.
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Proof of the theorem in the continuous case

By Lemma 6, there is some ¢t € M such that (F;(1)); does not converge weakly
to 0 in % Hence there exist § >0 and a subsequence (F, (1)) so that
disy y(c(Fi(t),k),0)= 8.

Take ko with 27%"' < §.

If (ax)« is a sequence of positive reals which are 0 except for finitely many
k = ko and 2, a. = 1, then we deduce from Lemma 5

lé f ); acr, (w)e,

and thus [|Z,ar, (w)e, |dw = 8/2. Tt follows from Proposition 2 that (e )ezx,
has an I'-subsequence for | |.

32| S arc]

do +27%

Proof of the theorem in the general case

Suppose 8 >0 such that | x | = 8| x || for x € E. Consider a sequence & in E
which is dense for || [,. By Lusin’s theorem, there exists a compact subset M’ of
M so that u(M') > 1~ §/2 and the mappings | y |, on M’ are continuous for each
y € €. 1t is routine to verify that also | x | is continuous on M’ for each x € E.
Define the semi-norm| |'on E by |x| = fu|x|.u (dt). Since for x € E, we have

#Izlxl= [ Jxlwe@zslx - sGnm)lxlzislxl,
we reduced the problem to the continuous case.

2. Weakly conditionally compact subsets of L x

We say that a subset A of a Banach space Y is weakly conditionally compact
provided every sequence in A has a weak Cauchy subsequence.

We can then reformulate Rosenthal’s result [12] by saying that if A is
bounded then either A is weakly conditionally compact or A contains an
I'-sequence.

In this section, (M, p) will be a fixed compact Radon probability space and X
a fixed Banach space. If 1 = p <o, then L% = L (M, u) will denote the space of
p-integrable X-valued function classes on (M, u) (cf. [6]).

A set A of Lk is said to be equi-integrable provided {|f]; f€ A} is
equi-integrable. The following property is well known [5].

ProrosiTion 7. Every weakly conditionally compact subset of L is equi-
integrable.
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The next result was shown by B. Maurey and G. Pisier (see [11]) and also
independently by the author. It will be obtained here as a corollary of the
stronger result established in the preceding section.

THEOREM 8. Let (f.). be an equi-integrable sequence in Lk and assume
(f. (1)) without I'-sequence for almost all t € M. Then {f.; n} is weakly condition-
ally compact in L.

Proor. Assume (f.). a uniformly bounded sequence of X-valued u-
measurable functions on M and 8 >0, such that

j "2 a,.fn(t)"u(dr); 32"' .|

for every finitely supported sequence (a.). of scalars. The only thing to prove is
that then (f.(t)). has an ['-sequence for some t € M.

Let E be as in the first section and introduce the semi-norm | |, on E by
| x |, = | Z.x.fu(2)]| for x € E. The conditions of Theorem 4 are satisfied and we
get the required conclusion.

Combining Proposition 7 and Theorem 8, we get

CoroLLARY 9. Let X be a Banach space which does not contain
1" (isomorphically). Then a subset A of L x is weakly conditionally compact if and
only if it is equi-integrable.

We have the following stability result:

ProposiTioN 10. Let A be a weakly conditionally compact subset of L x and B
a bounded subset of Lx. Then the set A.B = {f. ¢;fE A, ¢ € B} is also weakly
conditionally compact in L.

Proor. We may assume B the unit ball of Lz. Suppose the statement untrue,
then there would be a sequence (f.). in A and a sequence (¢.), in B such that
(fa- @.). is an ['-basis, i.e., for some & >0

S afvon 283 |l

n

for all finitely supported sequences (a, ). of scalars. Hence, by Proposition 1, also

[l wncor ae=

z58 |an.l.

2 aura(w)f

n

S i (@)fe(0)ea(0) | deri ()
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We apply Proposition 2 to obtain an ['-subsequence of (f.).. But this
contradicts the hypothesis on A.
We now present another proof of a result of G. Pisier [11].

THEOREM 11. If 1 <p <o, thenl' imbedsin L% if and only if I" imbeds in X.

Proor. Fix 1< p <o and remark that L% is a uniformly convex Banach
space. Let 0 < e <i be choosen and take 0 < & <j such thatif | ¢ |, =[¢ |, =1
and|lo — ¢ |, > ¢ then| ¢ + ¢ |, <2(1-8)forall ¢,y in L& If I' imbeds in L%
then there is a sequence (f,). in the unit sphere of L%, satisfying

|5 e

Pz(l—a)gwa"l

for all finitely supported sequences (a.). of reals (using the James regularization
property [7]).

For each f,, there is some g, in L% and ¢, in L§ so that{{g. [.=1, ¢. =l fa |
and f, = g..0n f m#n, we get o, + 0., Z|fn +f. ], Z2(1 - 8) and there-
fore | @m — ¢ |, =e. Consider a function ¢ in Lg with |¢ — ¢,], <& and
remark that (|f, — g.. ¢ [, =] ¢. — @1, + [ ¢1— ¢ [, <2&. Hence, we see that

1/p
IZ.:, a.gn 1 2],2’ angn. ¢

21—8—-28>l

I - ,, ;

if (a.). is a sequence of reals with 2, | a, | = 1. Therefore (g.). is an ['-sequence
in L and ' imbeds in X by Corollary 9.

It is a natural problem to characterize weakly conditionally compact subsets of
L% We already solved the problem if X has no !'-subspace (Corollary 9).

ProposITION 12.  For a subset A of L', the following properties are equivalent :

(1) For every € >0 there exists a weakly conditionally compact subset W of X
such that for each function f € A there is a measurable subset M; of M satisfying

() Loy 1FO]p(d)<e,

(i) F(M\M;)C W.

(2) The same as (1) but with W replaced by W + B(0, ) in (ii).

ProoF. Suppose that A satisfied (2) and fix £ >0. Consider for cach n a
subset W, of X associated with the positive number ¢, = £.27" It is easily
checked that W = (W, + B(0, £,)) is still weakly conditionally compact. For
fixed f in A let for each n the set M7} be such that [y | f(t)||n (dt) <&, and
f(M\M?)CW, + B(0, ¢,). Take M, = U ,M?%, for which (i) and (ii) of (1) are
clearly true.
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We agree to say that a set A in Lk has property (U) provided it fulfils
condition (1) of Proposition 12.

ProrosiTioN 13.  If the subset A of L verifies (U), then

(1) A is weakly conditionally compact.

(2) Given foreach f € A an automorphism 6; of the measure space (K, n), then
also the set {f<0;; f€ A} has property (U).

Proor. (1) If A is not weakly conditionally compact, there is a sequence
(f.)- of functions in A and & >0 such that if (g.). is a sequence in L with
Il f. — g- |l: < & then also (g.). is not weakly conditionally compact. Take W and
for all f€ A a subset M; of M satisfying (1) of Proposition 12. Then the
sequence (g.). in Lx with g, = f.. xsm, (M. = M; ) is not weakly conditionally
compact. Since A is certainly equi-integrable, (g.). is equi-integrable. We apply
Theorem 8 and get some ¢ € M for which (g.(¢)). has an I'-subsequence. But
{g.(t); n} C{0} U W, contradicting the hypothesis on W.

(2) Follows readily from the definition of property (U).

THEOREM 14. For subsets A of L, property (U) is equivalent to weakly
conditionally compactness in the following cases:

(1) X is a Banach space without I'-subspace.

(2) Xisan L'(N, v)-space, where (N, v) is a positive o - finite measure space.

Proor. (1) Is equivalent to Corollary 9.

(2) If X = L'(N, v), the space Lk can be identified with the space L'(M X
N)= LM x N, u ® v}, by the Fubini theorem. For f € L, f will denote some
member of the corresponding function class in L'(M x N). The function f will
moreover be assumed measurable for the product o-algebra.

If A is a weakly conditionally compact subset of Lk, then A is relatively
weakly compact viewed as a set in L'(M x N), which is weakly sequentially
complete.

Fix now & > 0. Let 0 < § < £/2 be such that fu || ()| n(dt) < e forall f€e A
whenever u(M')<§. By a well known result (cf. [6], III), there exist some
measurable subset N’ of N and some a > 0 satisfying v(N\N') <« and for each
feA

fp lf(t,u)l,u(dt)@ v(du)<8—2, where

Pr={(u)€ Mx N;|f(t,u)|>a},

J'MXN, f(u) | (d)® v(du)<%2,
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The subset W={po €L'(N,v); |[¢-=a and ¢ =0 on N’} of L'(N,v) is
relatively weakly compact. Fix now some f & A. Take

M= {t EM; fw [f(t, u)] V(du)>6},

’f'={t€M;JN_ lf(t,u)lv(du)>8}

and
M; = M;U M}
The reader will verify that u (M) <8/2, u(M7)<8/2 and hence u(M;)<3é.
Therefore [y, || f(t)] p(dt) <e.
For t € M\M,, consider the function g on N, which is 0 on P;(t)UN’ and f,
elsewhere. Then the g-function class belongs to W. Furthermore

[ -gwlva@n= [ ifeul v+ 176wl van=2s<e

!
By Proposition 12, A satisfies (U).

In general, it is untrue that weakly conditionally compactness implies (U). We
will illustrate this with an example. Let K be the Cantor set {0, 1}~ and u the
Haar measure. For each n, consider the measure automorphism 6, of K
obtained by permutation of the n-coordinate. (8% is the identity). Take € =
U, {0,1}", consisting of the finite complexes. For ¢, ¢’ € €, we write ¢ < ¢/,
provided ¢’ starts with . This yields us a partial order on €. We say that
g, &' € € are comparable if either ¢ < &' or ¢’ < ¢ and otherwise they are called
incomparable. If v € K, then v | n € € will consist of the first n elements of ».
Remark that the members of the set {6, (v) | n; n} are mutually incomparable for
all v € K. X will be the Banach space obtained by completion of the linear space
spanned by unit vectors (e.).e« under the norm

n
Iel=sp 3 (3 IxF)!
1,6, k=1 \gp<e'

where the supremum is taken over all finite sets €, - - -, &, of mutually incompar-
able members of €.
It is clear that if v € K| then (e,;.). is isometrically equivalent with the /*-basis.

It follows from the preceding remark that (esyn). is isometrically equivalent
with the ['-basis. We introduce the sequence (f,). in L, by taking f.(v) = e,n
for each v € K. The following facts are straightforward:
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(1) (f.). is an I*-basis in Lx.

(2) (f.°0.). is an ['-basis in Lx.
By (1), the set {f,; n} is relatively weakly compact and hence certainly weakly
conditionally compact in L x. But {f,; n} fails property (U), by (2) and Proposi-
tion 13.

We end with the following two interesting problems, which seem to be
unsolved so far:

(1) Is it true that Lx is weakly sequentially complete if X is weakly
sequentially complete?

(2) The same question for the Dunford-Pettis property.
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